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Choosability

[1,4,5]

[2,3,5]

(3,4, 5]
[17 2, 3]
Definition

ch(G) := the smallest k such that for any assignment of lists of size k to the
vertices of G, we can choose a color for each vertex to obtain a proper coloring.

X(G) < ch(@)



Graph polynomial

Definition
Let G be a graph and let vy, ..., v, be its vertices. Then, by the graph polynomial
of G we denote the following polynomial P € R[x1,. .., x,]:
Po(z1,...,2,) = H (@i —xj)
v; <vj
(vi,v;)EE[G]

for some arbitrary ordering < of the vertices.




Graph polynomial

Definition

Let G be a graph and let vy, ..., v, be its vertices. Then, by the graph polynomial
of G we denote the following polynomial P € R[x1,. .., x,]:

Po(z1,...,xn) = [ (zi—=)
v; <vj
(vi,v;)EE[G]

for some arbitrary ordering < of the vertices.
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PG(J717 T2, T3, I4) = ($1 - 102) («'E1 - 37:5) (Iz - :T:s) (372 - $4) ($:s - 354)
—_—
el ez e3 €4 €5
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2222 2.2, 3 2, 202 020 02
.r,lx4302—13§4§2+m3x412—zlzs.z/4x2+xlzsz4—.r,l1314—
.'r,lxgam + xix3wy
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Basic properties of the graph polynomial

v; <vUj
(vi,v;)€EE[G]

Observation

For a graph G, function f : V[G] — R is a proper coloring if and only if
Po(f(v1),. .., flvn)) #0




Basic properties of the graph polynomial

v; <vj
(vi,v;)EE[G]

Definition

For P € R[xy,...,xy,], we define:

e mon(P) := set of all the monomials in the expansion of P having non-zero
coefficient.

@ MOoNgeg(P) := {x‘fl coadn e mon(P) | Y di = deg(P)}.




Basic properties of the graph polynomial

v; <vj
(vi,v;)EE[G]

Definition

For P € R[xy,...,xy,], we define:

e mon(P) := set of all the monomials in the expansion of P having non-zero
coefficient.

@ MOoNgeg(P) := {xfl <...-z% € mon(P) | Y. d; = deg(P)}.

P(x,y,2) = 482%y%2% — 1325y + 182%2 + g
mon(P) = {2?y?2?, 2%, 2%z, y}

mongey(P) = {a?y?2?%, 2%y}



Basic properties of the graph polynomial

v; <vUj
(’Ui,Uj)EE[G]
Definition
For P € R[xy,...,xy,], we define:

e mon(P) := set of all the monomials in the expansion of P having non-zero
coefficient.

@ MOoNgeg(P) := {x‘fl coadn e mon(P) | Y di = deg(P)}.

Observation (Homogeneity of Pg)

mon(Pg) = mongeg(Pc)




Combinatorial Nullstellensatz

R

We know that for a polynomial P € R[z| of degree d and a list L € (d+1

a value ¢ in L such that P(q) # 0.

), there is

5

P(z)=2°*-322—2+3
4

L=11,3,-1,9




Combinatorial Nullstellensatz

We know that for a polynomial P € R[z| of degree d and a list L € (dﬂlfil), there is
a value ¢ in L such that P(q) # 0.

Similar property holds for multivariate polynomials:

Theorem (Combinatorial Nullstellensatz)

Let P € Rlzy,...,x,] and let 2§ - ...z € mOnyeg(P). Let L; € (d}_ﬁ_l), for
i € [n]. Then, there exists a tuple (sy,...,8,) € S1 X ... x S, satisfying

P(Sla"'asn)#o




Combinatorial Nullstellensatz

We know that for a polynomial P € R[z| of degree d and a list L € (d+1) there is
a value ¢ in L such that P(q) # 0.

Similar property holds for multivariate polynomials:
Theorem (Combinatorial Nullstellensatz)

Let P € Rlzy,...,x,] and let 2§ - ...z € mOnyeg(P). Let L; € (d +1) for
i € [n]. Then, there exists a tuple (s1,...,5,) € Sy X ... X S, satisfying

P(Sla"'asn)#o

P(x,y,z) = 48x%y*2* — 132%y + 182"z + y
mondeg( ) = { ,fESZ/}

Ll = {01 ag, Az, Ay, (]r/(]b} L2 {bl,bg} L5 = {(’1}



Combinatorial Nullstellensatz for graph polynomials

Corollary

Ifz$ ... 29 € mon(Pg) (= mongeg(Pe)), and k = max {d; + 1}, then
ch(G) < k.




Combinatorial Nullstellensatz for graph polynomials

Corollary

Ifz$ ... 29 € mon(Pg) (= mongeg(Pe)), and k = max {d; + 1}, then
ch(G) < k.

]

Po(a1,. .. a4) = @33 — vi050) 4+ ay2423 — w3wgad —
z3a3 —v23ad +wzrial 4 avsrd — advand+avzraal+
r1@ire—2l v +aladve—adadvotadrive — v adus o+
ra3e] — vwsw? — viadey +adadey

717375 € mon(Pg) = for any list assignment L of size 4,
€4 . _
2,3,4,5] vy G is L-colorable.



Combinatorial Nullstellensatz for graph polynomials

Definition (Alon-Tarsi number)

Let G be a graph. Then the Alon-Tarsi number of G, denoted as AT(G), is
defined in the following way:

AT(G) i= min {k | 3,00, ooy B = max {di + 1} }

" 20) = 2203 — B kD - T La — pagard
Po(@y,...,24) = 2305 — 12305 + 12405 — T3T4T5 —
z3a3 —v23ad +wzrial 4 avsrd — aivand+aivzra a4
J:lmg.m7mfm§ac2+x%xzm27m§mimg+m§m4m27:101;17%.,4.1r2+

.'r,lmgarz - T%T;Ti — xlxgau + T%T§T4

AT(G) =3




Combinatorial Nullstellensatz for graph polynomials

Observation

e vg
vy 2
" 20) = 2203 — g3 o B o3
Pg(x, ..., T4) = TZFL3 — T1X3T5 + T1T4T5 — T3T4T3 —
T S 2.2, 2 5 2 2 o 2
305 — 010303 + T30703 + 0T wsws — 21 waw3 + o1 w3r45 +
1230~ rdvetalriva—adadvetadrs v — 2 vy ot
€1 . 123} — viwga? — viaday + adaday
5
V2

=



Monomials in P vs orientations

The order < can be interpreted as an orientation D of the graph G.

Pg(x1, 29,23, 14) = (21 — 22) (¥1 — 23) (22 — 23) (12 — 24) (T3 — 24)
—_—

€1 €2 €3 €4




Monomials in P vs orientations

The order < can be interpreted as an orientation D of the graph G.
We calculate Pg by choosing variable ; or —x; from each pair of brackets. Each
such choice corresponds to some orientation D of G.

e v3
vy 2

SN | Vo
/ Po (1,0, 23, 84) = (1 — 22) (21 — 23) (2 — x3) (v2 — 24) (T3 — 24)
/ T T T A e
/
€1 €3 /65
/ . Jout » OUt ()
/ —ryawyrd = (—1)3 xil%n ), .xj%p (v4)
Uz“‘“‘*f‘=774z<74_5774/ l)



Monomials in P vs orientations

The order < can be interpreted as an orientation D of the graph G.
We calculate Pg by choosing variable ; or —x; from each pair of brackets. Each
such choice corresponds to some orientation D of G.

P N | b

/ Pg (1,29, 23, 74) = (21 — 22) (21 — 23) (22 — x3) (v2 — 24) (T3 — 24)
N
X X E degp™ (v degp" (v
// —mzoxsry = (—1)3 - 2P ( 1)-...~14 b (v1)
< /D
ey o
Theorem

D.—D| _, degp"(v1) degp'(vn)

Pg(xy,...,xpn) = E (=1)IP<=DI. g5 N

Deorien(G)




How to determine whether xdl

d ?
...~ 29 € mon(Fg)
For a monomial mfl -...-z% to be in mon(Pg), it is necessary that
d; = deg2"*(v;) for some orientation D. However, for a given orientation D, the
corresponding monomial doesn't need to belong to mon(Pg).

de out v de Out )
—LE1ZL'2I3$421:(—1)3' gp ( 1)_“. gp (va)

Pe(z1, ... ,w4) = L§J,§ - :L'lzl;g;vg + 212475 — 37473 —
xgacz xlz4zz+z;x4w2+zlz;% zlx4z2+zlzgz4z§+
T]T;?Q 717312+7 12“4 rz a§r412+r31472 Tlx§J:4m2+
x113L4 - le314 - L113I4 + 111314

. where is 2 2923277




How to determine whether 2% - ... - 2% € mon(Pg)?
Theorem (Alon, Tarsi)
Let D be some orientation of G. Then x(ljeg’gm(vl) L pleeB i) ¢ mon(Pg) if

and only if
|[EE(D)| — |EO(D)| # 0

where EE(D) and EO(D) are the sets of all Eulerian sub-orientations of D having
respectively even and odd size.

o

e U3
v 2

de out v de Lout )
—21Tox37? = (—1)% - 2} o -y e (va)

EO(D) = {vivav3}
EE(D) = {}
[BE(D)| — [EO(D)| = 0

€4

on



Generalization

Theorem (Dan Hefetz)

Let D be some orientation of G, and let d; = degp"*(v;). Let P; € R[x], for
i € [n], be any arbitrary sequence of polynomials, satisfying deg(P;) = d;. Then,

a2t ... xdn € mon(Pg) if and only if
n
Z (- HPi (degAA(Ui)) #0
ACE[D] i=1
Pl(I)U: o4l o Pa(rr)’l: 43 — 6 ' ‘ e R
-2 —mmwa} = (=1)% 2]
/
/
/
“ * fes
/
//
o %77—7;77777777‘ D
Py(z) =18z 4 N

Py(z) =22 +1



Generalization

Theorem (Dan Hefetz)

Let D be some orientation of G, and let d; = degp"*(v;). Let P; € R[x], for
i € [n], be any arbitrary sequence of polynomials, satisfying deg(P;) = d;. Then,
4. .29 € mon(Pg) if and only if

Z (—1)!Al f[Pi (degﬁ(vi)) £ 0

ACEI[D] i=1

Ps(x) =432 — 6

Piz)=z+1 ey v3

U1

deg{(v1)\=0

— i Tawsad = (—1)% xilegﬁ“‘(vv) o zzlegﬁ“‘(m)
(=DM, Pi(degd (vi)) = —1-1-(~18) - (=6) - 2

deg 2 (v2)

U2

Py(z) =18z “ V4




Algebraic tool — permament

Definition

Let A = (a;;) be an x n matrix. Then the permanent of A is defined by

perm Z Haz o (i)

g€eS, i=1

a; az asg
by by b3 perm(A) = aibacs + airbzcs + asbics + ...

C1 C2 C3




Special matrix

Consider the following m x m matrix M:
@ Each row corresponds to exactly one edge of D.

@ For each vertex v;, we assign exactly d; columns to it (note that > d; = m).

Pi(z)=x+1 es P3(Z)vj 3 =6 U] Uy U3 U4 U4
€1
€2
€3
€4

€5

€4

Py(z) =18z Vg
Py(z) =22 +1



Special matrix

Consider the following m x m matrix M:
@ Each row corresponds to exactly one edge of D.
@ For each vertex v;, we assign exactly d; columns to it (note that > d; = m).

o We fill M like an adjacency matrix (some columns will be duplicated)

Py(x) =432 — 6

Pi(z)=a+1 es V3 U1 V2 U3 Vg U4
Ul e[ 1-100 0
es | =10 1 0
es 01 -10 0
e | 0-10 1 1
es 0 0 -11 1
D
Pg(m)vi 182 “ Vg

Py(z) =22 +1



Special matrix

Fact
. 29 € mon(Pg) if and only if perm(M) # 0.
P3(z) =432z — 6
Pi(z)=a+1 € 3 )v3 Ui V2 U3 Vg V4
U1
ey 1 -10 0 O
e2 | 10 1 0 O
es 01 -10 0
el es ey 0-10 1 1
€
° es| 000 -11 1
VU2 D
Py(z) =18z = vy

Py(z)=2a?+1



Sketch of the proof

@ Take M and turn it to a m + 1 x m + 1 matrix by adding the complex roots

of polynomials P; to the bottom row and adding column 0,0,...,1 on the
right.
Py(z) =43z -6
Pi(z)=x+1 es U3 vl Uy U3 V4 Uy

er [ 1 -10 0 0 0

es| =10 1 0 0 0

es| 01 -10 0 0

es| 0-10 1 1 0

es| 001110

I 0o-2 i —i1

Py(z) =18z “ Vg
Py(z) =22 +1



Sketch of the proof

@ Transpose the matrix and use Ryser's formula to calculate the permanent.

perm(M) = (-)™* S ()T Y ay

ACcolumns i€rows jEA

Py(z) = 432 — 6

Pi(z)=x+1 es vs €1 ey e3 €4 €3
e nl|1-100 0 1]
va | =10 1 -10 0
vs | 0 1 -10 -1-%
on o0 0 1 1 ¢
vy 00 0 1 1 —i
00 0 0 0 1

U2

Py(z) =18z “ Vg

Py(z) =22 +1



Sketch of the proof

@ Transpose the matrix and use Ryser's formula to calculate the permanent.

perm(M) = (-)™* S ()T Y ay

ACcolumns i€rows jEA
Pi(z)=x+1 es P3(Z)Uj43m76 ey ex ez e4 es A
“ v [ 1 =10 0 0/1 |

ve | =100 11 -1 0 0 1
vs | 01 =10 —1-8&] —15

v | 000 1 1 i i

v | 000 1 1= | —¢

00 00 01 1

U2

Py(z) =18z “ Vg

Py(z) =22 +1



Sketch of the proof

@ Transpose the matrix and use Ryser's formula to calculate the permanent.

perm(M) = (-)™* S ()T Y ay

ACcolumns i€rows jEA
P3(z) =432z — 6
Pl(x)U:Z‘Jrl e 3( )’Ug e} [ea €3 €4 €5 A
1 - B
vy 1 -10 0 0 1

vy | =10 1 100 1

6
vs | 01 =10 —1-8| —13

va |l 000 1 1 i i

v | 000 1 1= | —¢

0000 0 1 1

vy N D (=)l

Py(z) =18z “ Vg IT-(=1)

Py(z) =22 +1



Sketch of the proof

o If m+1¢ A (we didn't choose the last column), the sum in the last row is
0, and thus the entire product is zero.

Pl(x):erl s

€4

Py(z) =18z

Py(z) =43z — 6
U3

v
Py(z) =22 +1

U1
V2
U3
Vg

V4

€1 €2 €3 €4 €5

1 -10 0 0
-1 0

0

0
0
0

0
0
0

110 0
1-10-1-%

0 1 1

01 1 —

00 0

1

i

1

m+1¢A

(-



Sketch of the proof

o Otherwise, we obtain precisely [/, P;(deg 4 (vi)), where we interpret A as a
subset of the edges of D.

P3(x) =43z —6 m+1eA
Pl(x)vlzerl es s )U3 e1 ey €3 esq es "
v [ 1 =10 0 0/1 ||P(-1)
va | =10 1 =100 1Pz(o)
vs | 0 1 =110 —1—£& | LPy0)
000 1 1 ¢
V4 2 P4<])
o 00 0 1 1 —2
00 0 0 0 1 1
V2 ) D (=1)1Al
Py(z) =18z “ Vg IT-(=1)

Py(z) =22 +1



Back to Alon-Tarsi

S=Y scmp (DM HP (degA (Uz)) #0

i=1

Va

Choose P, = (xz — 1)(z — 2)...(z — d;).
Observation
For all A C E[D]:

Q > degy(vi) =0

Q degh (v;) < d; = deg$"(v;)

Q A is Eulerian <= deg4 (v;) =0 for all i.




Back to Alon-Tarsi

S=Y scmp (DM HP (degA (Uz)> #0

i=1

Va

Choose P, = (x — 1)(z —2)...(z — d;).
@ If A is not Eulerian, then there must exist vertex v; such that
0 < deg$(v;) < d;. Then Pi(deg (v;)) = 0 and V4 = 0.
o If A is Eulerian, then for all 4
P, (degﬁ(vi)) = H —i = =+d;! = V4 = C for some constant C'
i=1

By combining these two facts, we get

IS|={ > (pH-c|=Ic|-||EE(D) - |EOD)|

ACE[D]
A Eulerian



Thank you!



